1. Let N be the set of positive integers, let £ be the Banach space of all bounded real-valued functions on N, and let P+ be its positive cone, i.e., P+= |/GP|/(«) ^0 for all «GAJ. If f-gEE+ we shall say f^g. If JEN, we say / has density a, or d(J) =0, if (1.1) lim" (l/n)C{/n{l, 2, •••,»}} =a.
(Here and henceforth C(S) means the number of elements in S.) The intimate connection between density and Cesàro summability is seen in the fact that (1.1) is identical with (1.2) lim"(l/«)E;=iX/(i)=a, _ where %J is the characteristic function of /. The following well-known (e.g. [2, p. 38] ) theorem is therefore not surprising.
Theorem. LetfEE+. Then lim» (l/«)E"-i/(i)=° (»A.,/« (C, 1) summable to 0) if and only if there exists a partition N= J\JK such that diJ)=0 and limnSK/(») =0.
2. The following concept of F-summability, or almost-convergence, is due to Lorentz [4] . Definition 1. A bounded sequence/is F-summable to a if (2.1) lim" (l/«)E"-i/(i + &)=a, uniformly in k.
The above definition reveals that Psummability seems to be related to the (C, 1) method. Also, there is clearly a notion of density which corresponds F-summability in just the way that ordinary density corresponds to (C, 1) summability;
in agreement with the notations of [l; 5], where it is used extensively, we call it r-density. Definition 2. Let JEN. We say driJ) = a if (2.2) lim" (l/n)C{jr\{k + l, k + 2, -■ ■ , k+n} } = a, uniformly in k, or, equivalently,
One is now tempted to conjecture a strict analogy to the theorem of §1, with F-summability and r-density replacing (C, 1) summability and ordinary density. In the present paper we prove the falsity of such a conjecture; more precisely, we prove In fact it will be shown that even (4.5) below, which is a weaker assumption than (2.4), implies (2.5), but not conversely. In §3 we shall give a characterization of r-density in terms of Banach limits, and use it in § §4 and 5 to prove the result in Theorem 1.
3. Let £' be the conjugate space of E. If t/>'££' and/££, (d>',f) denotes the value of <p' at/. We shall call e/>' a Banach limit if (3.1) ||<y|| = l;
(3.2) (</>', w) = l, where w££ is given by u(n) = l for all »£A7; = 0, such that if nEK, \f(n)\ <5.
Proof. The equivalence of (4.1) and (4.2) was proved already by Lorentz; it is the direct result of the comparison of (3.4) and (3.5).
To show (4.3) implies (4.2), let S>0 be given, and J and K taken as in (4.3). Put g =f on K, g = 0 on J. Then by (3.13), (0', g) = (<¡¡',f) for all^'Glf.
But ||g|| <5, hence | (<p', g)| <ô, hence | (<p',/)| <5. As this holds for all ô>0, we obtain (4.2). 5. Theorem 4 shows that (4.5) and certainly therefore (4.4) implies (2.5), and thus the first part of Theorem 1 is proved. We now construct a function /££ countering the converse assertion. This is achieved as follows.
We first devise the partition N = [)"Ni, where the elements of Ni are most conveniently given by the columns of the following Theorem 5. The function f defined above is in E+ and it is F-summable to 0, but it does not satisfy (4.5).
Proof. Since each N, has r-density zero, the set UÎ FJ¿ has, by (3.12), r-density zero, for any k. Then, if Jfe>(l/S), the partition N=iV*1Ki)VJi\J?+lKi) satisfies (4.3). As/££+, (4.2) follows, i.e.,/is F-summable to 0.
To show/ does not obey (4.5), it suffices to take a= 1 there. Thus suppose AT(J) <1; we shall show that limnGK/(re)=0 is false, where N=J\JK is a partition. Now, by (3.14), 5T(FO>0. By Lemma 3, Ki~\Ni is infinite for some i. But /(re) = l/i for all nEKr\Ni\ hence fin) does not converge to 0 on K.
